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Abstract

In additionto real-timerequirements,theprogramcode
sizeis a critical designfactor for real-timeembeddedsys-
tems.To take advantageof thecodesizevs. executiontime
tradeoff providedbyreducedbit-width instructions,wepro-
posea designframework that transformsthe systemcon-
straints into taskparameters guaranteeinga setof require-
ments. Thegoal of our designframework is to derive the
temporal parameters and the codesizeparameterof each
taskin such a way that they collectivelyguaranteethesys-
temend-to-endtiming requirementswhile the systemcode
sizeis minimized.Our designframework is basedon asyn-
chronousperiodic taskswith pre-period deadlinesunder
EDF scheduling. For schedulability analysis,we present
a new feasibilityconditionthatcanbemoreefficientlyeval-
uated than existing ones. Whenthe code size vs. exe-
cution time tradeoff can be safelyapproximatedas linear
functions,theminimizationproblembecomesa linear pro-
grammingproblem. However, whenthe tradeoff is given
by a tableof possible(codesize, executiontime)pairs, the
problembecomesNP-hard. We provide threeheuristical-
gorithmsthat can find sub-optimalsolutionsand evaluate
their performancewith simulationresults.

1 Intr oduction

Theprogramcodesizeis oneof thekey factorsthatde-
terminethemanufacturingcostof anembeddedsystem,es-
pecially whenthe embeddedsystemis implementedasan
SOC(SystemOn a Chip). Onecodesize reductiontech-
nique at the instruction set architecture(ISA) level is to�
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usea subsetof normal32-bit instructionscompressedinto
a 16-bit format as in ARM Thumb [6] andMIPS16 [13].
These16-bit instructionsaredynamicallydecompressedby
hardwareinto 32-bitequivalentonesbeforeexecution.This
approachcan substantiallyreducethe programcodesize;
however, it increasesthe numberof instructionsto be ex-
ecuted,and thus, increasesthe executiontime of the pro-
gram. For typical examples,thecompressedcodemay re-
quire around70� of the spaceof the original code,while
executing40� moreinstructions[3].

Whenanembeddedsystemis usedasareal-timesystem,
therearealsotemporalrequirementsimposedonthesystem
thatmustbemet for correctoperation.In sucha real-time
embeddedsystem,thecodesizevs. executiontime tradeoff
resultingfrom the useof reducedbit-width ISA [7] gives
rise to a challengingquestion: to minimize the total code
sizeof all the tasksin the systemwhile satisfyingall the
temporalrequirementsimposedon thesystem.

Therehasbeenmuch work on the designof real-time
systemsguaranteeingthesystemtemporalrequirements.In
particular, PeriodCalibrationMethod (PCM) [5] is a de-
sign framework that transformsthe systemtemporal re-
quirementsinto the temporalparametersof tasksthat col-
lectively guaranteethe system-level end-to-endtiming re-
quirements.The designframework proposedin this paper
extendsthe PCM framework by consideringthe codesize
vs. executiontime tradeoff of eachtask to comeup with
a solutionthat minimizesthe total systemcodesizewhile
satisfyingthesystem-level real-timerequirements.Thepro-
posedframework assumesthat thecodesizevs. execution
time tradeoff for eachtask is given either by a table that
listspossible(codesize,executiontime)pairsor by a linear
tradeoff function that safelyapproximatesthe table. From
this tradeoff relationship,the proposedframework formu-
latestheoptimizationproblemof minimizing thetotal sys-
temcodesizesubjectto thesystem-level real-timerequire-
ments.The optimizationproblemis a linear programming



problemwhenthetradeoff is givenasalinearfunction,or it
becomesanNP-hardproblemwhenthetradeoff is givenas
atabular form. For thelattercase,wedescribethreeheuris-
tic algorithms,eachof which finds a sub-optimalsolution
to the optimizationproblemusingdifferentcriteria in the
solutionprocess.In addition,for a setof asynchronouspe-
riodic taskswith relativedeadlineslessthanor equalto their
periods,we developa new feasibility conditionunderEDF
(EarliestDeadlineFirst) scheduling[10] that canbe more
efficiently evaluatedthanexisting ones.

Therestof this paperis organizedasfollows: Section2
describesthesystemmodelandgivestheproblemdescrip-
tion and the overview of our solution process. Section3
briefly reviewsPCMandthecodesizereductiontechnique.
Section4 presentsa new feasibility condition. Section5
formulatestheoptimizationproblemandpresentsheuristic
algorithms.Section6 illustrateshow our designframework
works usingan exampleandevaluatesthe performanceof
theheuristicalgorithmswith simulationresults.Finally, we
concludein Section7 with discussionon futureresearch.

2 SystemModel and ProblemDescription

2.1 SystemModel

We assumethat an embeddedsystem���	�
� is composed
of a setof tasks,���
�
�
���
�����
��� . Eachtask �
����� �	�
� hasthe
following tasktemporalparameters:� period � � : the fixed time interval betweenthe arrival

timesof two consecutiverequestsof � � ,� offset � � : the time instant relative to the start-of-
its-periodat which � � ’s executionbecomesavailable
( � ����� ),� deadline � : thetimeinstantrelativeto thestart-of-its-
periodby which � � ’s executionis requiredto becom-
pleted(  ��! � � ),� executiontime "
� : the time amountrequiredto com-
plete �
� ’s executionin theworstcase,� executionwindow #$� : the time interval of % �&���� '�)(
during which ��� ’s execution becomesavailable and
needsto becompleted.* #+�,*.-/ 0�21��3� .

A task � � is said to be synchronousif � � - � or asyn-
chronousif �&� �4� . A task �
� is said to have a period
deadlineif  '�5-6�7� or a pre-perioddeadlineif  0� ! �7� .
Our designframework considersasynchronoustaskswith
pre-perioddeadlines.In this paper, whenit comesto anex-
ecutiontime,it meanstheworst-caseexecutiontime. When
a worst-caseexecutiontime hasits valuerangedueto the
codesizevs. executiontime tradeoff possibleat compile
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Figure 1. tradeoff functions between code
size and execution time

time, the minimum executiontime refersto the minimum
valueof the the worst-caseexecutiontime. In additionto
the temporalparameters,eachtask � � hasa taskcodesize
parameterasfollows:� codesize 8�� : thesizeof �
� ’s executablecode.

Let �79;:=< betheleastcommonmultiplier (LCM) of �7� ’s
of all � � ’s �>�?�	�
� . We consider� 9;:=< asthe majorperiod
of thesystem.

Let � �)@ A denotethe B -th job (executionunit) of � ��C B ��.D . Let E �)@ A �GF �H@ A and # �)@ A denotethe offset, the deadline
and the executionwindow of � �H@ A , respectively. Note thatE �)@ A and F �H@ A aretime instantsrelative to thestart-of-major-
periodsuchthat EI�H@ A5-/�3��JKBML)�7� and FN�)@ A3-O 0�
JPBQLH��� . We
define R.9S:T< asthesetof jobswhosedeadlinesareearlier
thanor equalto ��9S:T< , i.e.,

R 9;:=< -VUW� �)@ A *XF �H@ AY! � 9;:T<[Z �
Let " �)@ A and 8 �H@ A denotetheexecutiontimeandcodesize

of � �H@ A , respectively. Sincetheexecutiontime andthecode
sizearedeterminedat compiletime,all " �H@ A ’s and 8 �H@ A ’s are
equalto " � and 8 � , respectively.

In thispaper, weassumethateachtask��� is givenatrade-
off relationshipbetweencodesize ( 8 ) andexecutiontime
( " ) eitherby adiscretestepfunction(i.e.,a tableof possible
( 8.�G" ) pairs)or a linearfunctionthatsafelyapproximatesthe
stepfunction.Figure1 showsanexampleof a discretestep
function that givesthe codesizevs. executiontime trade-
off anda linear function that safelyapproximatesthe step
function.Thetradeoff functionis denotedby

83-O\ ��C " D � "?] �^�� ! " ! "
]`_�a� � (1)
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Figure 2. Overview of our design framework

For real-timeembeddedsystems,we considerthe fol-
lowing threeclassesof timing constraintspresentedin [5]:� A freshnessconstraint boundsthe time it takes for

data to flow from input b to output c (denotedasd C ce* b D ).� A correlation constraint boundsthe maximumtime-
skew betweenseveral inputs ( b � ���
�
���fb � ) used to
produceoutput c (denotedas g C ch* b � ���
�����fb �;D ).� A separationconstraint boundsthejitter betweencon-
secutivevalueson a singleoutput c (denotedas i C c D
and j C c D ).

We definethesystemcodesize( 8 �k�
� ) asthesumof the
codesizesof all thetasksin thesystem,i.e.,

8
�	���`- lmknpoqmfrtsfr 8 � �
2.2 ProblemDescription

Weconsideradesignframework for real-timeembedded
systemsthattransformsthesystemconstraintsinto taskpa-
rametersguaranteeinga setof requirements.The goal of
our designframework is to derive the temporalparameters
andthecodesizeparameterof eachtaskin sucha way that
they collectively guaranteethesystemend-to-endtiming re-
quirementsandthatthesystemcodesizeis minimized.Fig-
ure1 depictstheoverview of ourdesignframework. Thein-
put, output,andrequirementsof our designframework are
givenasfollows:

Input:� Systemstructure: a taskgraphrepresentingdataflow
andtaskprecedence.� Systemconstraints: the systemend-to-endtiming
constraints� tradeoff betweenthe codesizeandthe (worst case)
executiontimeof eachtask.

Output:� Task parameters: the temporalparameters(period,
offset,deadline,andexecutiontime) andthecodesize
parameterof eachtask.

Requirements:� Correctness:systembehaviorsthatsatisfyall thetask
parametersalsosatisfythesystemconstraints.� Feasibility: tasktemporalparametersneverdemanda
timeintervalduringwhichtheCPUutilizationexceeds
100%.� Optimization: the total code size should be mini-
mizedsubjectto theabovetwo requirements.

Whensolving the problemof determiningthe temporal
parametersandthecodesizeof eachtasksatisfyingthesys-
tem end-to-endtiming constraintsandoptimizing the sys-
tem codesize, our designframework breaksthe problem
into two sub-problems:(1) transformingthesystemend-to-
end timing constraintsinto task temporalparameterswith
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thesystemstructureandconstraintsandtheexecutiontime
of eachtaskandthen(2) deriving thecodesizeandexecu-
tion time of eachtaskwith theoptimizationgoalsubjectto
thetasktemporalparameters.Weiterativelysolvethesetwo
sub-problems.We initially usethe minimum (worst-case)
executiontime of eachtaskto solve the first sub-problem.
Thesolutionto thesecondsub-problemdeterminestheex-
ecutiontime of eachtaskwith the optimizationgoal, and
thenwe go backto thefirst sub-problemwith this new exe-
cutiontime of eachtask.We repeatthis iterativeprocedure
until thesolutionconverges.

Our designframework usesanexisting techniquecalled
PeriodCalibrationMethod(PCM) [5] to solve thefirst sub-
problemandwe provide a new optimizationframework to
solve thesecondsub-problem.

PCM is a designmethodologythat transformsthe sys-
temend-to-endtiming constraintsinto thetemporalparam-
etersof eachtaskwhenthe systemtaskgraph,the system
constraint,andthe worst caseexecutiontimesof tasksare
given.Having PCM asthefirst sub-problemsolver, ourde-
signframework canusethesameasynchronoustaskgraph
andtheend-to-endtiming constraintsasthosein [5].

With PCMservingasthefront-endtechnique,ourdesign
optimizationframework works as back-end. The goal of
this back-endis to determinethe codesizevs. execution
time tradeoff of eachtaskto minimizethesystemcodesize
while guaranteeinga feasibleschedule. The input to the
back-endis thecodesizevs. executiontimetradeoff of each
task as well as the temporalparametersof eachtask that
PCMdeterminedassolutionsto thefirst sub-problem.

To guaranteea feasibleschedulewith the temporalpa-
rametersof eachtask,our designframework generatesfea-
sibility constraintsaccordingto afeasibilitycondition.With
thefeasibilityconstraints,theback-endformulatestheopti-
mizationproblemof minimizing thesystemcodesize.De-
pendingon theformatby which thecodesizevs. execution
time tradeoff is given,theback-endsolvestheoptimization
problemwith a different tool. If the tradeoff relationship
is givenasa linear function, theback-endusesan existing
linear programmingsolver to find the optimal solution. If
the tradeoff is given in a tabular form, the back-enduses
heuristicalgorithmsto find sub-optimalsolutions.For this
purpose,we give threeheuristicalgorithmsthatusediffer-
entcriteria in thesolutionprocess.With thesolutiongiven
by the back-end,our designframework finds the temporal
parametersand the codesize parameterof eachtask that
satisfythethreerequirementsof correctness,feasibility, and
optimization.

3 Overview of Existing Techniques

3.1 Period Calibration Method (PCM) Overview

Periodcalibrationmethod(PCM) [5] providesa design
methodologythat transformsthesystemend-to-endtiming
requirementsinto tasktemporalparameters.As input,PCM
takes a task graphand a set of systemend-to-endtiming
constraintsof the embeddedsystem:the taskgraphrepre-
sentsdataflow, taskprecedence,andend-to-endtiming con-
straintson freshnessfrom input to output,input correlation
and allowable output separation. Solving the constraints
generatedfrom the systemtiming requirements,PCM first
derivestheperiodsof tasksminimizing theCPUutilization
andthenderivestheoffsetanddeadlineof eachtasksubject
to theperiodslocally maximizingtheschedulabilityof each
task. Thestaticprioritiesof tasksareassignedconsidering
thetaskprecedencegivenin thetaskgraph.

Therehasbeenwork on applyingPCM to thedesignof
real-timeembeddedsystemsincluding an avionics control
system[12] anda computerizednumericalcontrol system
[11]. While reportingsomeweaknessesof PCMsuchasin-
feasiblesolutions[12] andtheabsenceof overloadhandling
[11], thesepapersconcludedthat PCM providesa useful
methodologyfor thedesignof real-timeembeddedsystems.

PCMderivestasktemporalparametersfor staticpriority-
basedscheduling.However, ourdesignframework usesthe
earliestdeadlinefirst (EDF) schedulingto improve system
utilization andto enableefficient feasibility analysis.This
requiresa changein tasktemporalparametersgeneratedby
PCM sothatwhentasksarescheduledby EDF, theend-to-
endtiming requirementsarestill satisfied. In the original
PCM, the taskprecedenceis preservedby staticpriorities.
If �
� precedes�uA , �
� hasa higherpriority than �,A . In our
EDF-basedscheduling,we assigndeadlinesin sucha way
thatif �
� precedes�,A ,  '� is smallerthan  KA by one.

3.2 CodeSizeReduction TechniqueOverview

For many embeddedsystems,programcodesizeis acrit-
ical designfactor. Wepresentabrief overview of acompiler
techniquefor codesizereductionthatworksfor aprocessor
capableof executingreducedbit-width instructions.A very
goodexampleof suchaprocessoris ARM microprocessors
with a32-bit instructionset(IS) for normalmodesanda16-
bit reducedbit-width IS for Thumbmodes[6]. A reduction
in codesizecomesfrom encodingasubsetof the32-bitnor-
mal modeIS into the16-bit ThumbmodeIS. At theexecu-
tion time,a decompressionengineconvertsa Thumb-mode
instructioninto anequivalentnormal-modeinstructiondur-
ing thedecodestage.TheThumbIS canaccessonly 8 gen-
eralpurposeregisters(outof 16generalpurposeregistersin
the normalmode)andcanencodeonly a small immediate
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value.Theselimitationsincreasethenumberof instructions
executedand, thus, increasesthe programexecutiontime.
For typical programs,by usingthis techniquethecodesize
canbereducedbyaround30� , while thenumberof instruc-
tionsexecutedincreasesby about40� [3].

The reducedbit-width ISA allows a programthat con-
tains both 32-bit normal-modeinstructionsand 16-bit re-
ducedbit-width instructionswhere the mode changebe-
tween the two can be performedby executing a single
mode-changeinstruction.Thiscapabilityallowsfor atrade-
off betweencodesizeandexecutiontimewhencompilinga
program.For example,by progressively transformingpro-
gramunitssuchasfunctionsor basicblocksin thenormal
modeinto theequivalentonesin thereducedbit-widthmode
while addingpatch-upcodeto maintainthecorrectseman-
tics, we can obtain a table that givespossible(codesize,
executiontime) pairs. Theorderby which the transforma-
tion is performedconsidersbothreductionin codesizeand
increasein the programexecutiontime, i.e., it favors pro-
gramunitsthatgivelargereductionin codesizewith only a
smallincreasein theprogramexecutiontime.

4 Feasibility Analysis under EDF

Therehasbeenmuchwork on feasibility analysistech-
niquesunderEDF scheduling.Thefollowing importantre-
sults have beenproved for independentperiodic taskson
oneprocessor. Liu andLayland [10] showed that any set
of v synchronousperiodictaskswith perioddeadlineswith
processorutilization wx-zy ��^{T�Y| n} n is feasibleif andonly
if w !�~ . Coffman[2] alsoshowedthatany setof v asyn-
chronousperiodictaskswith perioddeadlinesis feasibleif
andonly if w !�~ . Theproblemof decidingwhetherasetof
asynchronousperiodictaskswith pre-perioddeadlineshas
beenprovedto beNP-hardby LeungandMerrill [9]. Fur-
ther, Baruahet al. showed that this problemis NP-hardin
thestrongsense[1].

Definition 4.1 Let � �fCH��� � �k��D denotethe numberof jobs of
task � � that mustbe completelyscheduledin % ��� � �k��D . It is
computedasfollows:

� �fCH��� � �k��D -/�'����U � �W� �k� 1�� � 1� ��7� � 1�� ��� 1�� ��7� � J ~�Z �
Lemma 1 (Baruah et al. [1]) A setof v asynchronouspe-
riodic taskswith pre-perioddeadlinesis feasibleif andonly
if �l �^{T� �q� CH� �I� � � D L�"?� !�� ��1 � �
�
for all ��!����Y���k��! � ]`_�a J���� 9;:T< , where � ]�_ua is the
maximumamongall � � ’s.

Lemma1, by Baruahet al., givesa necessaryandsufficient
feasibility condition for asynchronousperiodic taskswith
pre-perioddeadlines.We provide an alternative necessary
andsufficient conditionthat canbe moreefficiently evalu-
atedthantheonein Lemma1.

Lemma 2 For each B ��� , �.� C EI�H@ A��T�q� � � D = �q� CH� �
� � � D for allEI�)@ A ��� � ! EI�H@ A��T� andfor a fixed � ��� � � . For each B ��� ,�q� C)� �
�GF.�H@ A D = �q� CH� �
� � � D for all F.�H@ A !�� � � F.�H@ A��T� andfor a
fixed � � ��� � .
Proof. Fromthedefinitionof E �H@ A and F �H@ A , E �H@ A is � � J[Bq� �
and F �H@ A is � � J�B.� � J� � . From the definition of � � , ���
is contributedto computing �u�t�,� � n} n¢¡ and �k� is contributed

to computing £ �)¤
� � n � ¥ n} n ¦ . We caneasilyseethatwhen � �
is EI�H@ A��T� , � � � � n} n is exactly BPJ ~ and � � � ��� n} n§¡ is B0J ~ as
long as E �)@ AK������! E �)@ A��T� . We canalsoseethatwhen �k� isF �H@ A , � ¤ ��� n � ¥ n} n is exactly B and £u� ¤ � � n � ¥ n} n ¦ is B aslong asF �H@ A�!��k�Y� F �H@ A��T� . ¨

Let �©�7ª79;9 denotea setof possible C)� �I� � � D valuesfor
Lemma1, that is, � C)� �I� � � D>«©¬�� �
� � � «Y�­!®� � �®� � !� ]�_ua J��I�79;:=<h� . Let �&ª79S9 denotea setof offsetsof all
tasksbetween0 and � ]�_ua J/���79;:T< , that is, �
EI�)@ A « ���3�� �	�
� ��EI�H@ A � � ]�_ua J/����9S:T<h� . Let  'ª79;9 denotea setof
deadlinesof all tasksbetween0 and � ]�_ua J���� 9;:T< , that
is, �
F �H@ A�« � � �h���k�
�
��F �H@ AY! � ]`_�a J���� 9;:T< � . Let �Y ª79S9
denotea setof possiblepair of (offset, deadline)between
0 and � ]�_ua J��I� 9;:T< , that is, � C E¯�GF D°« E>��� ª79;9 �GF�� ª79;9 ��E � FS� . We canseethat �Y ª79S9�± �©� ª79;9 , andif
thereis any time � � �$�V�0� � ]`_�a J/�I� 9;:=< , suchthat �
is not includedin both � ª79S9 and  ª79S9 , then �Y ª79;9/²�©� ª79;9 .

Theorem1 A set of v asynchronousperiodic taskswith
pre-perioddeadlinesis feasibleif andonly if�l �^{T� �q� C)� �I� � � D L
"
� !�� ��1 � �
�
for all C)��� � �k�
D �h�Y ª79;9 .

Proof. We prove this theoremby showing that this feasi-
bility condition(referredas

d g � ) is equivalentto the fea-
sibility condition (referredas

d g � ) given in Lemma1 in
termsof feasibility analysis. While sharingthe sameset
of inequalities,the two conditionsdiffer in thedomainsofC)��� � �k��D values: �©� ª79;9 for

d g � and �Y ª79;9 for
d g � . In

what follows, we show that the two conditionsyield the
samefeasibility resultswith thetwo differentdomains.

First, we show that if
d g�� findsa tasksetfeasible,thend g � alsofinds the tasksetfeasible. This is obvious from�Y ª79;9³± �©� ª79;9 .
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Second,we show that if
d g � findsa tasksetinfeasible,

then
d g � alsofinds the taskset infeasible. To prove this,

we will show that if thereis CH� �I� � � D ���©�7ª79;9 thatmakes
the inequality false,then thereis CH��´� � ��´� D ���Y 'ª79;9 that
makesthesameinequalityfalse.Supposethe inequalityis
falsewith CH� �
� � � D �¢�©�7ª79;9 . We can transform C)� ��� � � D
to C)��´� � ��´� D suchthat ��´� is �0µ^¶7�
EI� « EI�0���3ª79;9��GEI� �·� �?�
and ��´� is ���I� �?F ��« F � �¸ ª79;9 �GF ��!¹�k� � . From its
definition, C)��´� � ��´� D �º�Y ª79;9 . We can derive that for
each task � � , there is B such that E �)@ A»�¼���x!½��´� -E �)@ A��T� andthereis ¾ suchthat F �)@ ] - ��´� !��k�¿� F �H@ ] �=� .
From Lemma2, we canseethat for each � � , � �fCH��´� � �k��D -� �fCH��� � �k��D and � �GC)��� � � ´� D -�� �GC)��� � �k�?D . By obtaining� ´� and � ´�
in turn, we caneventuallyget � �GC)��� � �k�?D -­� �GC)��´� � ��´� D for all� � and �l �^{T� �q� C)� ��� � � D -

�l �^{T� �q� CH� ´� � � ´� D �
Since���3!���´� and ��´� !��k� ,�l �^{T� � �fCH��� � �k��D � �k� 1 ����À

�l �Á{=� � ��CH� ´� � � ´� D � � ´� 1 � ´� �
Third, weshow thatif

d g � findsatasksetfeasible,thend g � alsofindsthetasksetfeasible.As we describedin the
lastparagraph,we cantransformeach C)��� � �k�?D �¿�©� ª79;9 toC)� ´� � � ´� D �¿�Y ª79;9 satisfying�l �^{T� � �GC)��� � �k��D -

�l �^{T� � �fCH� ´� � � ´� D �
Since���3!���´� and ��´� !��k� ,�l �^{T� � �fCH� ´� � � ´� DÂ!�� ´� 1 � ´� À

�l �Á{T� � ��C)��� � �k�?DÂ!��k� 1 ��� �
Fourth,we show that if

d g � findsa tasksetinfeasible,
then

d g � alsofindsthetasksetinfeasible.This is obvious
from �Y ª79;9³± �©� ª79;9 . ¨

From �Y ª79;9O± �©� ª79;9 . we canseethat the feasibil-
ity condition given in Theorem1 can be more efficiently
evaluatedthantheonegivenin Lemma1.

5 Optimization Formulation and Solutions

5.1 Optimization Formulation

Oncethe PCM generatesthe temporalparameters(pe-
riods, offsetsand deadlines)of tasksand feasibility con-
straintsaregeneratedwith the feasibility conditionshown
in Theorem1 basedon the temporalparametersof tasks,
the optimizationframework, i.e., the back-endtechnique,

tries to minimize the systemcodesizewhile satisfyingall
the feasibility constraints.This optimizationusesthecode
sizevs. executiontimetradeoff relationshipof eachtaskfor
thispurpose.Moreformally, thisoptimizationis formulated
asfollows:� Objective: theobjective functionis asfollows:

Minimize lm n oqm rHs�r 8 � � (2)

� Constraints:thefeasibilityconstraintsarefrom Theorem
1 asfollows:�l �^{T� � �GC)��� � �k��D LÃ" �M!��k� 1 ��� � for all C)�u~ � � � D �¿�Y ª79;9 �

Dependingon the tradeoff functionof eachtask,this opti-
mizationproblemcanbesolvedby linearprogrammingor
heuristicapproaches.

Linear programming (LP) problem. If all the trade-
off functions are linear, this optimization problem be-
comesan LP problem with the objective of minimizingy m n oqm rHs�r \ ��C " �tD . Thus,it canbe solved by an existing LP
solver.

NP-hard problem. If the tradeoff functionsaregivenas
discretestepfunctions,the problemof finding the optimal
solutionbecomesintractable.

Theorem2 Whenthecodesizevs. executiontimetradeoff
is givenasa tabular form, theproblemof findingthemini-
mumsystemcodesizesatisfyingthereal-timerequirements
is NP-hard.

Proof. The proof is via a polynomial-timereductionfrom
the subsetsumproblemthat is known to be NP-complete
[4]. Let a setof positive integers ÄV-¢�?Å;�I�
�
���
�GÅN� � and Æ
representan instanceof the subsetsumproblem. Assume
that for each Ç , ~�! Ç ! v , Å¯� �È~ and y ��Á{T� Å¯�P-ÊÉ .
For reduction,for each Ç , ~�! Ç ! v , we first construct
the tradeoff for � � in the form of C 8 � ��" �tD as CHË ��Å � 1 ËuD andC Å � 1 Ë � ËuD suchthat Ë5� �� andthenconstructthetemporal
parametersof � � suchthat � � - � ,  � -ÌÆ , and � � -�qÆ . In any schedule,y ��^{T� C " � J�8 �ÃD -�É . In any feasible
schedule,y ��Á{T� " �M! Æ . Then,weknow thatin any feasible
schedule,y ��^{T� 8 �Í� É¹1>Æ . ConsideringË , we know that
theminimumsystemcodesizeis betweenÉº1+Æ and Éº1Æ�J ~ . The minimum systemcodesizeis achieved if and
only if thereis a subsetÄ&Î of Ä suchthat the sumof the
elementsof Ä&Î is Æ . ¨
Giventhe difficulty of this optimizationproblemwhenthe
tradeoff is givenasdiscretefunctions,a naturalapproachis
to developheuristicalgorithmsthat find sub-optimalsolu-
tions.
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5.2 Heuristic Algorithms

We presentheuristicsolutionsto theoptimizationprob-
lem that canbe usedwhentradeoff functionsaregiven as
discretestepfunctions. Basically, we considera solution
that graduallyreducesthe systemcodesizeby increasing
the executiontime of a task. We give threegreedyalgo-
rithmsthatdiffer only in thesequenceof tasksthey consider
in increasingtheexecutiontime. In all thethreealgorithms,
the iterative procedurecontinuesuntil thereis no taskeli-
gible to increaseits executiontime. Beforeexplaining the
threealgorithmsindividually, wedefinea few terms.

When the executiontime of a task � � increases,let Ï �
denotetheamountof executiontimeby which " � increases.
Sincea solutionto theoptimizationproblemshouldsatisfy
thefeasibility constraints,each" � canbe increasedaslong
asit doesnotviolateany of thefeasibilityconstraints.With
the feasibility constraintson "
� , we can derive the upper
boundÏ ]�_ua� of Ï
� asfollows:

Ï ]`_�a� -/�'µÁ¶°Ð ¬QC)� �?� � � D �¿�Y C �
� D`«�� ��1 � �I1 �l �^{T� �.� CH� �
� � � DkÑ �
where �Y C � �pD is a subsetof �Y ª79S9 that includesat least
one # �H@ A �ÃB !�� .

We definea reductionratio ( Ò � ) for a task � � asaratioof
theamountof codesizereductionto theamountof execu-
tion time increase.When " � increasesby Ï � , its reduction
ratio Ò � is givenby

Ò � - \I� C "
� D 1�\I� C "
�WJ�Ï
� DÏ � �ÓÏ ����� �
With the rangeof Ï�� that is �¿! Ï
� ! Ï ]�_ua� , we candefine
thebestreductionratio Ò ´� asfollows:

Ò ´� -������ C Ò �pD � where�'! Ï �Q! ÏI]�_ua� �
Let Ï ´� denotethevalueof Ï � thatgives Ò ´� .
Highest Best Reduction-Ratio First (HBRF). This al-
gorithmfavorsa taskwith a higherbestreductionratio. In
eachiterative step,theHBRF algorithmcalculatesthebest
reductionratio Ò ´� for eachtask � � andincreases" ] by Ï ´]suchthat Ò ´] is thehighestamongall Ò ´� .
LongestPeriod First (LPF). Thisalgorithmfavorsatask
with alongerperiod.Givenafixedtimeinterval,ataskwith
alongerperiodhasasmallernumberof jobsthanataskwith
a shorterperiod.Thus,in general,increasingtheexecution
timeof ataskwith thelongestperiodhastheleastimpacton
the schedulabilityof the taskset. The LPF algorithmcap-
turesthisand,in eachiterativestep,thisalgorithmincreases

HBRF:
do Ô

for all ÕuÖØ×PÕuÙpÚ,Ù ,
calculateÛ �Ö for ÜuÖ	Ý4Þ3ß+ÜuÖ2ß$Ü�à=áuâÖ , suchthat

Û �ÖÂã�ä�å
æ Ð�ç Öfè)é�Ö)ê�ë ç Öfè)é�ÖNì Ü ÖHêÜ Ö ÑTí
determineÕ à suchthat Û �à�î Û �Ö for all ÕuÖ2×0ÕuÙpÚ,Ù .é à ã é à ì Ü �à .ï

until ( Û �à ã Þ ).
LPF:ð ÙpÚ,Ù ã Õ ÙpÚ,Ù .
while (

ð ÙpÚ,Ù is not empty) Ô
determineÕ à suchthat ñ à î ñSÖ for all Õ,Ö2× ð ÙÃÚ,Ù .é à ã é à ì Ü à=áuâà .
exclude Õ à from

ð ÙpÚGÙ .ï
HBRF:
do Ô

for all ÕuÖØ×PÕuÙpÚ,Ù ,
calculateòMÛ �Ö for ÜuÖkÝ®Þ3ß+ÜuÖØß+Ü�à=áuâÖ , suchthat

òÍÛ �Öóã�ä�å
æ Ð ñ ÖñWô.õSö6÷ ç Öfè)é�ÖHê�ë ç Ökè)é
ÖNì Ü ÖtêÜ,Ö Ñ=í
determineÕ à suchthat òMÛ �à�î òÍÛ �Ö for all ÕuÖ7×'ÕuÙpÚGÙ .é à ã é à ì Ü �à .ï

until ( òMÛ �à ã Þ ).
Figure 3. Heuristic algorithms

" ] of � ] by Ï ]�_ua] where� ] is thetaskwith thelongestpe-
riod with Ï ]�_ua] ��� . If therearemultipletasksthathavethe
samelongestperiods,the algorithmchoosestask � ] with
thehighestÒ ´] amongthemandincreases" ] by Ï ´] .

Highest BestWeighted-Reduction-RatioFirst (HBWF).
This algorithmcombinestheHBRF algorithmandtheLPF
algorithmin a sensethat it favorsa taskwith a higherbest
reductionratio and a lower increasein utilization. The
HBWF algorithmdefinesa weight of a taskas

} n}IøIù¯ú and
determinesa weightedreductionratioasfollows:

û Ò¯�=- � �� 9;:=< L \ �fC " �ÃD 1�\ ��C " � J>Ï �tDÏ � �ÓÏ�� ��� �
Thisalgorithmdeterminesthebestweightedreductionratioû Ò ´� for each �
� in the sameway as the HBRF algorithm
doesÒ ´� andincreases" ] by Ï ´] where û Ò ´] is thehighest
amongall û Ò ´� .

If the tradeoff relationshipfor eachtask �
� is givenby a
table (i.e., a stepfunction), oneof the entriesin the table
givesthe Ò ´� . Assumingthat theaveragenumberof entries
is ü , we caninspectonetaskin � C ü D . Therefore,the time
complexity of eachiterative stepfor theHBRF andHBWF
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Figure 4. Examples of asynchronous task
graph: (a) original task graph and (b) trans-
formed task graph

Freshness
d C c � * b ��D -/ý � � d C c � * b ��D -Oý �d C c � * b ��D -O� � � d C c � * b�þ D - ~?ÿ

Correlation g C c7�.* be�
��b�� D -Oýg C c �¯* b�����b þ D -��
Separation j C c �
D -O� ~ ��i C c �uD -Oý.�j C c �?D -O���;��i C c �
D -�� ~

Table 1. The system end-to-end timing con-
straints of the example

algorithmsis � C v5Ltü D wherev is thenumberof tasks.Since
theLPF algorithmincreasestheexecutiontime of the task� ] with thelongestperiodby Ï ]�_ua] , thetimecomplexity of
eachiterativestepfor theLPF algorithmis � C v D .
6 Illustration and Evaluation

6.1 DesignFramework Illustration

In this section,we illustratehow our designframework
workswith thesameexamplegivenin thePCM paper[5].
The systemstructureof the exampleis given by the task
graphshown in Figure4(a)andthesystemend-to-endtim-
ing constraintsaregivenin Table1. For theillustrationpur-
poses,thetradeoff functionof eachtaskis givenby boththe
lineartradeoff functionshown in Figure5(a)anda tableof
possible(codesize,executiontime) pairsshown in Figure

Solutions Õ Ù Õ�� Õ�� Õ	� Õ	
 Õ	� Õ	�ñSÖ 13 26 13 39 26 39 39
SolutionI 
ÂÖ 0 0 0 0 21 0 13� Ö 3 21 12 13 26 13 15ñSÖ 15 30 15 30 30 30 30
SolutionII 
ÂÖ 0 0 0 0 21 0 13� Ö 3 21 12 13 26 13 15

Table 2. The solutions of PCM for the example

Õ Ù Õ�� Õ�� Õ	� Õ	
 Õ�� Õ	� Õ ÙpÚGÙ� Ö 1.0 2.35 1.97 1.65 2.01 3.86 2.21 15.05é�Ö 1.0 4.28 2.46 2.12 1.24 4.33 1.92

Table 3. Maximum code size and minimum ex-
ecution time of each task

5(b). Takingasits input thetaskgraph,theend-to-endtim-
ing constraints,and the minimum executiontime of each
task,PCM transformsthetaskgraphof Figure4(a)into the
taskgraphshown in Figure4(b) andderivesthe temporal
parametersof eachtask. Among varioussolution candi-
dates,PCM choosesoneshown in theupperpart (Solution
I) of Table2 sinceit providestheminimumutilization with
theminimumexecutiontimeof eachtaskshown in Table3.
Ourdesignframework modifiesthedeadlineof eachtaskin
sucha way that thetaskprecedencesaremaintainedunder
EDF scheduling.Whenthe executiontime of eachtaskis
initially its minimum value,the systemcodesize is 15.05
Kbytesshown in Table3.

The solutionof PCM that is givenby a setof tasktem-
poralparametersnow becomestheinputto ouroptimization
framework. It firstgeneratesthefeasibilityconstraintsgiven
by Theorem1 from the set of task temporalparameters.
With thesefeasibility constraints,theoptimizationproblem
formulatedin Section5.1 canbe solved by an LP solver,
anexhaustive search,or heuristicalgorithmsdependingon
thetypeof thecodesizevs. executiontimetradeoff of each
task. If the tradeoff is given asa linear function shown in
Figure5(a),theoptimizationproblemis formulatedasalin-
earprogramming(LP) problemandits solutioncanbeob-
tainedby an LP solver. Table4 shows the solutiongiven
by the back-endin its upperpart (Solution I). This solu-
tion by theLP solver reducesthesystemcodesizeto 12.57
Kbytes.For thetradeoff relationshipof ataskgivenin atab-
ular form asshown in Figure5(b),anexhaustivesearchwas
performedto find theoptimalsolutionover all possibleex-
ecutiontime valuesandthethreeheuristicalgorithmswere
usedto find sub-optimalsolutionswith areducedtimecom-
plexity. Theupperpart(SolutionI) of Table5 showstheso-
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Figure 5. Code size vs. execution time tradeoff for the example:(a) linear and (b) discrete.

Solutions Parameters ÕuÙ Õ � Õ � Õ � Õ 
 Õ � Õ � ÕuÙpÚGÙ
SolutionI CodeSize 1.00 1.62 1.98 1.66 1.41 2.96 1.94 12.57

ExecutionTime 1.00 6.06 2.46 2.12 1.74 5.68 2.00

SolutionII CodeSize 1.00 2.04 1.40 1.44 1.41 2.70 1.94 11.93
ExecutionTime 1.00 5.00 3.43 2.51 1.74 6.06 2.00

Table 4. The solutions by the back-end for the example with linear tradeoff

Solutions Algorithms � Ù � � � � � � � 
 � � � � � ÙÃÚ,Ù
SolutionI OPT 1.00 1.64 1.97 1.59 1.41 3.12 1.88 12.61

HBRF/LPF/HBWF 1.00 1.64 1.97 1.65 1.97 2.71 1.88 12.82

SolutionII OPT 1.00 2.10 1.38 1.30 1.41 2.88 1.88 11.95
HBRF/LPF/HBWF 1.00 1.64 1.97 1.55 1.69 2.71 1.88 12.44

Table 5. The solutions by the back-end for the example with discrete tradeoff

lution by anexhaustivesearch(OPT)andthoseof thethree
heuristicalgorithms(HBRF/LPF/HBWF).Thesystemcode
sizeis reducedto 12.61Kbytesby anexhaustivesearchand
to 12.82Kbytesby all thethreeheuristicalgorithms.While
the threeheuristicalgorithms(HBRF/LPF/HBWF)do not
always yield the samesolution as pointedout in Section
6.2, all the heuristicalgorithmsprovide the samesolution
in this particularexample.

Thenew executiontime of eachtaskgivenby thesolu-
tion to theoptimizationproblembecomestheinputto PCM.
With this new executiontime of eachtask,theutilization is
now 0.8174with PCM Solution I and 0.8173with PCM
SolutionII shown in Table2 after thesecondpaththrough
PCM.Thesolutionprocessof our optimizationframework
continueswith this new solutionby PCM. The lower parts
(SolutionII) of Table4 andTable5 show thenew solutions
obtainedby theback-endwith PCM SolutionII. Whenlin-
eartradeoff functionsareused,the systemcodesizeis re-

ducedto 11.93Kbytes.Whenthetradeoff is givenin atabu-
lar form, thesystemcodesizeis reducedto 11.95Kbytesby
the exhaustive searchandto 12.44Kbytesby all the three
heuristicalgorithms.

PCM takesasits input thenew solution(SolutionII) by
the back-end. PCM gives the samesolutionas PCM So-
lution I (with the minimumutilization of 0.8710)andthus
theiterative procedureterminates.Amongall thesolutions
of our optimizationframework obtainedthroughthe itera-
tive procedure,the final solutionis the onethatminimizes
thesystemcodesizewhile satisfyingall thefeasibilitycon-
straints.

6.2 Heuristic Algorithm Evaluation

We evaluatetheperformanceof thethreeheuristicalgo-
rithmsagainsttheexhaustivesearchalgorithmthroughsim-
ulationswith varioustasksets.Theparametersof eachtask
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Figure 6. Performance evaluation: (a) performance of the three heuristic algorithms
(HBRF/LPF/HBWF) and the best performing one (BEST) with 8 tasks and (b) performance of BEST
with various numbers of tasks.

arerandomlychosenduringthesimulations.Theperiodof
eachtaskis randomlychosento beoneamong10, 20, 25,
50, and100 ms. The discretetradeoff betweencodesize
vs. executiontime of eachtaskis randomlydeterminedto
be5 pair of valuessuchthat the tradeoff valuesaremono-
tonically decreasingandtheexecutiontime of eachtaskis
smallerthanits period.Theoffsetanddeadlineof eachtask
arealsorandomlydeterminedsuchthat its executionwin-
dow is greaterthan its executiontime. Simulationswere
performedmore than 100 times with 4, 6, 8, 10 and 12
tasks,respectively. As the performancemeasure,we de-
fine the closenessof a non-optimalsolutionof a heuristic
algorithmto the optimal solutionby the exhaustive search
algorithmasfollows:

Closeness�
������������� �"!$#&%'�����(����)+*-,.#
������������� �"!$#&%'�����(����/102!$#.3

where
� ����� �4��� ��!$#

is the initial systemcodesize,
� ���(� ��)+*-,.#

is the systemcodesize determinedby the heuristicalgo-
rithm, and

� ���(� ��/105!$#
is theoptimalsystemcodesize.

Figure6(a)plotstheperformanceof thethreealgorithms
andtheir best-caseperformance(BEST) with 8 tasks. We
can seein Figure 6(a) that at leastone of the threealgo-
rithmsfinds theoptimal solutionfor about32%of simula-
tion cases.With the simulationresults,we canstatewith
90%confidencethatthemeanof thebest-caseperformance
with 8 tasksin the real-world is between75% and100%.
Among the threealgorithms,HBRF exclusively yields the
BEST solutionsfor 47% of simulationcases,HBWF does
so for 18%, and LPF doesso for 12%, respectively. For
the remaining23% of simulatecases,two or more algo-
rithms provide the BEST solutionstogether. Figure 6(b)

plotsthebest-caseperformance(BEST)of thethreeheuris-
tic algorithmsagainst4, 6, 8, 10 and12 tasks,respectively.
Thebest-casesolutionis theoptimalsolutionfor about68%
with 4 tasks,46%with 6 tasks,32%with 8 tasks,18%with
10 tasks,and11%with 12 tasksof simulationcases.

7 Conclusion

With thereducedbit-width instructionsetsof recentmi-
croprocessors,it is possibleto take advantageof the code
sizevs. executiontime tradeoff of a taskduringthedesign
of embeddedsystems.Thispaperdescribesadesignframe-
work for real-timeembeddedsystemsthat provides solu-
tionsto theoptimizationproblemof minimizing thesystem
codesizesubjectto guaranteeingthesystem’s real-timere-
quirementsunderEDF scheduling.

Our design framework decomposesthe optimization
probleminto two sub-problems:1) deriving task tempo-
ral parametersthatguaranteesthesystemreal-timerequire-
mentsand2) deriving the codesizeandexecutiontime of
eachtaskwhile minimizing thesystemcodesizesubjectto
feasibilityconstraints.Our framework iteratively solvesthe
two sub-problemsusingsolutionsfrom eachotheruntil the
solutionsconverge.This iterativeapproachinherentlyfinds
a locally optimal solution. However, it maybe possibleto
developanintegratedapproachthatsolvestheoptimization
problemwithout breakingit into two sub-problems.Such
an integratedapproachincreasesthecomplexity of finding
solutions,but may deliver solutionsthat are close to the
globally optimal solution. We plan to developsuchan ap-
proachandevaluatethecomplexity andeffectiveness.

Our current design framework considersthe issueof
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minimizing thetotal codesizewhile guaranteeingthereal-
time requirements. In the designof real-timeembedded
systems,energy consumptionis anothercritical designfac-
tor. With the Dynamic VoltageScaling(DVS) technique
thatallowseachjob to executeatvariousCPUclockspeeds,
thereisapossibletradeoff betweenenergyconsumptionand
executiontime. Our future direction is to extend our de-
sign framework so that it canallow the embeddedsystem
designerto evaluatetradeoffs amongcodesize,execution
time,andenergy consumption.
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